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A determination is made of the steady temperature of the walls of a 
channel with Poiseuille gas flow and with heat sources in the thermally 
conducting walls. The source power density has a parabolic distribution 
law. 

A n u m b e r  of  p a p e r s  has  r e c e n t l y  a p p e a r e d  on the  
i nves t i ga t i on  of s t r e a m  t e m p e r a t u r e  p r o f i l e s  fo r  
P o i s e u i l l e  flow in tubes  and annu la r  and p lane  chan -  
ne l s ,  and unde r  v a r i o u s  hea t  t r a n s f e r  condi t ions  [ 1 -  
5]. In t h e s e  no account  i s  t aken  of hea t  due to i n t e r -  
nal  f r i c t i o n  and the w o r k  of p r e s s u r e  f o r ce s ,  nor  of 
the  hea t  f lux a long the  wa l l .  
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Fig .  1. Dependence  of wall  t e m p e r a t u r e  on 
coo rd ina t e  r with inhomogenous  hea t  s o u r c e s ,  
f o r K = ~ o ,  ~ 0 =  1: 1) a n d 2 ) g / g 0 =  l + - r  z, 
e/g0 = 0 and 4, r e s p e c t i v e l y ;  3) and 4) g/g0 = 
-- l + 2 r -  r 2, e/g0 = 0  and 4; 5) and 6) g/g0 = 

= 1, e/g0 = 0 and 4. 

In the  p r e s e n t  p a p e r ,  which i s  a cont inua t ion  of  
[6], t h e s e  f a c t o r s  a r e  t aken  into account  in c a l c u l a t i n g  
the  t e m p e r a t u r e  of the  wa l l s  of a p lane  channel  f o r m e d  
by  two p a r a l l e l ,  s e m i - i n f i n i t e  p lane  p l a t e s  of t h i c k -  
n e s s  b, d i s t an t  2h a p a r t .  The thin wa l l s  of the  channel  
conta in  hea t  s o u r c e s  whose  p o w e r  dens i ty  depends  on 
the c o o r d i n a t e  x.  The ou t s ide  s u r f a c e s  of the  wa l l s  
a r e  t h e r m a l l y  insu la ted ,  and the r e l a t i v e  v a r i a t i o n  of  
abso lu t e  t e m p e r a t u r e  in the  channe l  i s  s m a l l .  The 
t e m p e r a t u r e  d i s t r i b u t i o n  at  the  channel  in le t  and the  
hea t ing  of  the  w a l l s  a r e  s y r a m e t r i c a l  r e l a t i v e  to the  
m i d - p l a n e  of  the  channe l .  

The o r ig in  of c o o r d i n a t e s  Oxy i s  taken  to be in the 
c e n t e r  of  the in le t  s ec t ion  of the  channel ,  the  Ox ax i s  
be ing  d i r e c t e d  a long the flow, and Oy toward  the wal l .  

The equat ion f o r  the p r o b l e m  and p a r t  of the bound-  
a r y  condi t ions  m a y  be  wr i t t en  as*  

,~c~UTx - -  U~x i r ~  oy / j oy ~ ' 

t.t-- - -  U m 1 .-- , Urn 
2 , 3p. dx 

, !(1) 

OT 
- - = 0 w h e n  g = 0 ,  (2) 
Og 

T = T o ( y )  w h e n  x = 0 ,  0.<5..y<h. (3) 

The bo tmdary  condi t ion  a t  the  wal l  (y = h) i s  ob -  
t a ined  f r o m  the hea t  conduct ion equat ion fo r  a t h e r -  

m a l l y  thin p la te :  

k, 02T k OT 
Ox ~ -  + G(x) . . . . .  0 when g = h. (4) 

b Oy 

Let the  wal l  be t h e r m a l l y  i n su l a t ed  at x =  0; then 

OT 
---=0whenx-0, 0.Gy.( . .h.  (5) 
Ox 

We sha l l  w r i t e  (1)-(5)  in d i m e n s i o n l e s s  quant i t i es :  

- O ~  - - 3 . ) - - -  ~ , (6) 

0 ~ .  : :  0 w h e n  ~ = 0, (7) 
0~ 

~ : : O o ( ~ _ ) w h e n ~ = O ,  0 - ~ <  1, (8) 

a"-o ,'( [g('O ' o,o 1 ~.~ - -  T ~ l  ~ 0 when ~ = 1, (9) 

00 
- -  = 0 w h e n 0 C ~ - 4 1 .  (10) 
Ox 

When K >> 1 we m a y  neg lec t  hea t  conduct ion a long the 
wa l l .  We note tha t  the  channel  wa l l  t e m p e r a t u r e  at  the  

*It was  shown in [2] that the thermal  conduct iv i ty  of 
the gas a long the channel  may  be neg lected  when 
Re Pr > I0. 
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in le t  0(0, 1) is  not equal  to 00(1), but r e s u l t s  f rom 
heat  t r a n s f e r  a long the channel  wal l s  and in the chan-  
nel  i t se l f .  

We c a r r y  out a Laplace t r a n s f o r m a t i o n  with r e -  
spect  to ~: 

if-'!!'* ==(l--E~)p#*--@o(~)(1--~ ~) e(l--3"~'e) (11) 
,f ~ p 

with boundary  Conditions 

. . . . .  0 when ~ = 0, 
d! 

(12) 

dff* p'-'4} :!: - - p ~ ( 0 ,  l) 

d ~ K 
g* when ~ = I. (13) 

The so lu t ion  of (11), tak ing  account  of (12), may  be 
wr i t t en  as  [6] 

t" (14) 
o 

4 ' 2 

- - -~- -p ,  

, V - g ~ )  , 

(15) 

h = 8o (~) (~u --  l) + ~ (I - -  3E-~). (16) 

The function ~0 is the solution of the homogeneous 
equation 

d~(P = ( 1 - -  %~) p % (17) 
d ~ 
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Fig. 2. T e m p e r a t u r e  d i s t r ibu t ion  at the wall  
with K = 0% s = 2 and nonuni form gas t e m p e r a -  
tu re  at the in le t :  1) and 2) ~0 = 2 - ~ ,  g = 0.5 
and 2, r espec t ive ly ;  3) and 4) O0 = ~2, g = 0.5 

and 2; 5) and 6) ~0 = 1, g = 0.5 and 2. 

We obtain  the cons t an t  of i n t eg ra t ion  d f rom condi t ion 

(13): 

1 

d = A - '  [ - -  g* -F a K - ' ~ ( 0 , 1 ) - - T - ' ( 1 )  I~  hd~] + 
0 

-~/~-1 [ (  R'~K-lfp (l) Oq~(1))j'q~-2t'cphd~'d~ ] " 0 ~  (18) 

0 0 

- t ' O  - - - -  ~ 
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Fig.  3 .  Dependence of wali  t e m p e r a t u r e  ,3 on 
coordina te  �9 when the re  is  heat  flow along the 
wall  (e = 2." 1), 2), 3) g = 0.2; 0.5 and 2, r e -  

spect ively ,  K = 5; 4) g = 2; K =  r 

Here  

A = .0~ (1) a-~ (I) (19) 
O~ K 

Put t ing  ~ = 1 in  (14), we obta in  an e x p r e s s i o n  for  the 

t e m p e r a t u r e  at  the walh  

1 

~*(1) = A - ~ [ O ( 0 , 1 ) ~ K - a - - g * ) q o ( l ) -  ,lcphdS]. (20) 
0 

When g* = e = 0 and ~o(~) = 1 t he r e  is  no heat  t r a n s -  
fer ,  and so ~(0, 1) = 1 and ~*(1) = -ce -1. It  follows 

f rom (16) and (20) that  

! 

- -A /~  = a K - l ~ ( 1 )  ~ .t'(~ 2 -  1)~dS. (21) 
0 

We find the so lu t ion  by dividing (20) by the r ight  s ide 

of (21): 

~* (t) = - -  ] / a  - -  A -~ [ g * ~  (•) - -  

(~  ( 0 , 1 ) -  1)~ K - '  ~ ( ] ) ] - -  

o 

F o r  s imp l i c i t y  we shal l  r e s t r i c t  a t ten t ion  to the 
case  of a pa rabo l i c  dependence of heat  source  power  

dens i ty  on coord ina te  T: 

g : go + gl~ + g~2. (23) 

It follows that  

g*  = gop -1 + g2p -2 + 2&p -3. (24) 

It  may  be seen  that go i s  an i n t eg ra l  funct ion of a ,  
and i t s  expans ion  for  sma l l  ce is  g iven by 
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~ { 1 4 + a )  a ~ ~o + ~s4_.. " 
720 672 

(25) 

The poles  of (22), taking (24) into account,  and t h e r e -  
fo re  p = 0 and the roo t s  of the equation A = 0. The re  
a r e  no o the r  poles  o r  b r anch  points  fo r  exp re s s ion  (22). 

We now wr i t e  the comple te  solution for  the wall  
t e m p e r a t u r e  in the f o r m  of the sum 

(:) = @o(~) + e~ (~), (26) 

where  d-o(r ) is de te rmined  by the res idues  at the point 
p = 0 and gives  the developed t e m p e r a t u r e  r ea l i zed  at 
l a rge  r .  The function all(r) is  the sum of r e s idues  r e l -  
a t ive  to the po les - - the  root  of the equation A = 0--and 
gives  the wall  t e m p e r a t u r e  accord ing  to (26), along 
with ~o (r).  

To obtain the r e s idue  at the mul t ip le  pole p = 0 
(i. e . ,  to ca lcu la te  the a p p r o p r i a t e  l imi ts ) ,  we expand 
(22) in powers  o f p .  Using (25), we obtain (22) in the 
f o r m  

t~* (1) = ~ + go + &P-a + 2g~p -~ + 4ep/35 _ 

P P ~ [ - - 2 / 3 + ( b + K - X ) p + c p ~ + d p a |  

__3_32p,f(~,_ l) (00-- 1)d~. (27) 

0 

Compar ing  (27) and (22), we find 

2 
- -  - -  -~- bp -}- p K -1 -{- cp ~ + dp a -}- . . . .  p K-~ + 

3 

- ~ > - =  ~ - ( 1  + V ~ )  
~F~[(l ~/a)/4, 1/2, V-~I V a  

We expand the left  side in a s e r i e s  with r e s p e c t  to 
q~;  the powers  of  a obtained cancel  out, and b = 
= 0 . 2 1 5 8 7 ,  c = - 0 . 0 7 5 9 2 4 ,  d = 0 . 0 2 6 8 3 3 .  

Expansion (27) will be suff icient  fo r  ca lcula t ing 
the res idue  of function v~* exp p r  at  the pole p = 0 of 
mul t ip l ic i ty  1 - 4 .  Fo r  the res idues  we have 

3 . i ( 1 - - ~ " ) ' ~  ~o (~) = - 6:~.~ e + 

0 

2 7 o . , @  ~ 8 1 3 )  
+ cg, 4- ~ -  g~b~ ~- god + cb~g., -" - ~  b~ g., .-- 

-~-g:~, v, b (28) 

We d e t e r m i n e  the function ~l(r) .  Fo r  this  we find 
the r e s idues  of function (22) n e a r  the po les - - the  roo ts  
of the equation A = 0: 

(1 a t~Z  ) ~F~ (~, 1 K -2-" V-d)- 

- (  ) - - ( 1 - } - V  a)lFt ~ , - ~ - ,  | / -~ ~-0. ( 2 9 )  

The roots  a of (29) a r e  rea l  and pos i t ive .  D e t e r m i n -  
ing the r e s idues  n e a r  the poles  of  a ,  we de r ive*  

"01 ('r) = E 2 expaq)K ( -  a-r) x 
a 

1 , V~)-- • 292~-'),& (I~, ~ -  

1 

o 

1 

0 

( '  )I +o(o ,1) r  F, Ik T - '  V-~ �9 (3o) 

Here  

3 ( s  �9 (~ 
Co 

__ . ~ ( ~ + l ) . . ( ~ + j - U ~ j a  '/2 • 
K = 

[ 1 ( ~  ) ( 1 ) i-l} • + 1  . . .  T - - j - 1  ]~ + 

-i ( I+Tr  a) [ ~ ( [ 3 + 1 ) . . . ( ~ + ] - -  1)?jai/2] X 

X [ @ ( + q - 1 ) . . , ( @ - 4 - ] - - I ) ] ! J - 1 } ,  

j 1 ~  J 
,~. (31) 

l / a 4 l=l [3-+1-- 1 

When K --~ ~, function ~K becomes  q~, obtained in 
[6]. The sum of (28) and (30), accord ing  to (26), g ives  
the solution of the p rob l em.  We find the unknown wall  
t e m p e r a t u r e  at the channel inlet 0{0. 1) by putt ing T = 
= 0 in the solution and solving the a lgebra ic  equation 
fo r  ~(0. 1): 

1 0 Agl+ 
~(0,I) = M -x (I- ~-~ ~ - - - e  

35 
11 

'~' Z - '  V Z  - 
~ K  

*Use was  made  in (31) of the re la t ion,  following 
I 

f r o m  ( 2 1 ) : - ~ & ( 3 .  7 , 1 / ~ } = e x p ( / 7  • ( ( ; - ' - - l )~(~, , )d~,  
2 p , ' 

0 

where  a a r e  roo ts  of (29). 
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The nota t ion  h e r e  i s  

M= 1---~-2 Ea,FI(~, ~K1/2'V a) 
a 

A g = 9  b~go+ 9cg~ + 

(a2) 

t e m p e r a t u r e ;  T0 - - t empe ra tu r e  at  channel  inlet;  T b - - a  
f ixed t e m p e r a t u r e ,  T b - T 0 <~ To; u (y ) - -ve loc i ty  of 
deve loped  flow; u rn- -mean  ve loc i ty  in channel ;  C - -  
v e l o c i t y  of sound in gas ;  # - - v i s c o s i t y ;  p - - d e n s i t y .  Di -  

9 M~ (~ - -  l ) P r  
m e n s i o n l e s s  quan t i t i e s :  7 :: c/c~,. ~ - 2 % 

T b - -  T : ~ ": x 2 Gbh , 14,, 

' ~ :  T~'-"To ' " =  h ' =- h 3 P r R e '  g ~  k (T t , - -To )  

9 h k 
. . . . .  (Pr Re) ~, M = urn. C, Oo = (To - -  To)/To,  Re = utah L'ix, 

4 b k ,  

Pr = Cplx/k; aFl (a, b, x) - - d e g e n e r a t e  h y p e r g e o m e t r i e  func-  

t ion;  / * =  [ f e x p ( - - p : ) d : ;  ' ~ = ( l - - ~ f - ~ ) / 4 ,  b l ~ b - ~ - K - ~ ;  P 

o 

- - v a r i a b l e  in the t r a n s f o r m e d  p lane  c~ - - p .  

+ 27 2 9 27 + 81 b3 -g-a~, +-2 ~_d+ yc~,g._ -~  ,e~. (33) 

A n u m b e r  of  e x a m p l e s  have been  ca l cu l a t ed  a c c o r d i n g  
to (26), (28), and (30)-(33);  the  r e s u l t s  a r e  shown in 
F i g s .  1 - 3 .  It m a y  be  seen  that  the  d i m e n s i o n l e s s  wal l  
t e m p e r a t u r e  i s  a p p r e c i a b l y  r educed  (the t r u e  t e m p e r -  
a t u r e  i n c r e a s e s )  when longi tud ina l  hea t  conduct ion  in 
the  wal l  i s  inc luded .  When v = 0 the t e m p e r a t u r e  of  the  
wa l l  i s  d i f f e r en t  f r o m  tha t  of  the  gas  at  the  in le t  (~0 = 
= 1). 

NOTATION 

Cp- - spee i f i c  heat ;  b - -wa l l  t h i c k n e s s ;  2h- -channe l  
width;  k - - t h e r m a l  conduc t iv i ty  of gas ;  k l - - t h e  same ,  
fo r  the  wal l ;  P - - p r e s s u r e ;  x >- 0 - - c o o r d i n a t e  in s t r e a m  
d i r ec t i on ;  0 -< y -< h - - c o o r d i n a t e  f rom midd le  of chan-  
nel to wal l ;  G- -hea t  s o u r c e  power  dens i ty ;  T - - a b s o l u t e  
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